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J Integral Finite Element Analysis
for Three-Dimensional Cracks

Gein Wang*
East China Engineering Institute, Nanjing, China

In this paper a formulation of the J integral for three dimensional cracks in a centrifugal force field is
presented The equations have been transformed into a form suitable for finite element method and a technique
to simplify the resulting equations is presented The calculation of the J integral for the normal model with a
semicircular surface crack at the center and an experiment with laser photoelasticity (stress freeze method) have
been carried out tinder simple tensile loading The J integral calculation for a corner crack in an engine turbine
disk has been performed taking the centrifugal force into account. The practical application demonstrates that
the method presented in this paper is feasible and readily applicable

Nomenclature
u v and w = displacements corresponding to the x y

and z axes, respectively
x y z = local coordinates
X Y Z = global coordinates
iij Vj, and w/ = displacement at node / of the eight-node

isoparametric element along the x y and
z directions, respectively

7,y = angular strain
ex,ey andez - strains corresponding to the x y and z

axes, respectively
a,y = component stress

Introduction

MANY cracks in rotating parts of the aircraft turbine
engine are not penetrating and are three dimensional

These parts function under the condition of a high centrifugal
force field Therefore, it is necessary to study the problem of
the three-dimensional crack in a centrifugal force field

Because the three dimensional J integral method has been
selected, this method may use ordinary elements (eight-node
and four node isoparametric elements) Refined meshes are
not needed and the method of calculation presented in this
paper is simple and convenient for practical application

The J integral for three dimensional cracks was given by
Blackburn1 in 1972 Centrifugal force was not then con
sidered This formula has been extended in this study to in-
clude the effect of centrifugal force field

It is well known that the three dimensional formula is very
complicated, even without consideration of centrifugal force
Since an area integral is involved, many difficulties are en-
countered in its application The effect of the centrifugal
force must also be taken into account. A technique for
simplification and transformation is needed in order to
transform the derived formula into a form suitable for the
finite element method This paper presents a convenient
method for simplifying the procedure In order to evaluate
this method and program, some normal models (the ones for
which computed results were available) have been calculated
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The calculation for a semicircular surface crack (a = 5 mm) is
accompanied by a laser photoelasticity experiment Finally,
the value of the J integral for a corner crack existing at the
bottom of a fir tree slot in the turbine disk is calculated.

The practical application has verified that the method
presented in this paper is feasible and readily applicable

Formula of J Integral for Cracks
in Centrifugal Force Field

The J integral formula for three dimensional cracks in a
centrifugal force field has been derived and is given as:

(1)

- (ui3uu)3dA

This formula is based on a coordinated system which
consists of the principal normal, the binormal, and the
tangent to the leading edge of the crack at the point where the
J integral is to be performed (Fig la, point o) where /= 1, 2,
3, corresponding to x y and z axes, respectively, and IV is the
density of strain energy, T is the path in xy plane, A is the area
enclosed by the F path, 7", is the traction corresponding to
direction / in the element ds on F path ai3 is the stress
corresponding to direction /3 at some point in the area A, ut is
the displacement corresponding to the direction /, i e , ul = u
u2 = v «3 = w for conventional expression, and Ff is the
centrifugal force per unit volume corresponding to the
direction /

A brief derivation of Eq (1) is given as follows
First, a closed path in the xy plane (Fig Ib) is considered

and let

Substituting the boundary conditions

Tx = axcos(n x)+vxycos(n y)+axzcos(n z) (3a)

Ty = axycos(n,x)+aycos(n y)+ayzcos(n z) (3b)

Tz = azxcos(n x)+azycos(n y)+azcos(n z) (3c)
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into Eq (2) and noting that

cos(/i z) = cos 90 deg = 0

gives

dwdu dv
(4)

According to Green's theorem

aw r d / du dv+a-^
dw

dw

+ —

Substituting

du dv

and
= axex

(5)

(6a)

(6b)

<6c)

(6d)

(6e)

< = du/dz+dw/dx (6f)

. + o^z + oxy^xy-¥ayzyyz + azxyvc (7)

ex = du/dx

ey = dv/dy

ez = dw/dz

= dv/dx+du/dy

intoEq (5) gives

aw dv du

-r
dx \dx dy

^\ dv__ /daxy day_ da^ \
dz / dx \ dx dy dz /

From the equilibrium equations

dax/dx+daxy/dy + daxz/dz-pd2u/dt2=0

dayz/dx+day/dy + dayz/dz-pd2v/dt2 = 0

(8)

(9a)

(9b)

(9c)

where p is density and t is time
Letting

Fx=-p d2u/dt2

Fy=-p d2 v/dt2 Fz=-p d2 w/dt2

and adding to and subtracting from the right side of Eq (8)
the expression

(du/dx Fx + dv/dx Fy + dw/dx Fz)dxdy

the following equation can be obtained

d / dw dv

dx dx
(10)

Substituting Eq (2) into Eq (10) and subtracting the ex
pression

dw dv aw

y
dx y dx

from the right and left sides of the equation, also noting that
when the pressure of the gas on crack surface is neglected, the
contribution to F3 and F4 (Fig Ic) is zero and the following

edge
of the crack

Fig la Coordinate system

n

Fig Ib Closed path.

Fig Ic Name of each part
of the path
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A

edge of the crack
Fig 2a Pattern model

edge of the crack

Fig 2b Path of the integral

center
of the element

Fig 2c Line integral along y direction

B//

/

center
of the element

8

this element
is expressed
with mark

Fig 2e First area integral in formula (1)

A-direction
ZC(I)

Fig 2d Line integral along x direction Fig 2f Calculation of centrifugal force
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equation is obtained

dw dv du

d / dw dv du^v^+^+^i

Since the path is selected arbitrarily, it is evident that an
invariable exists If this invariable is denoted by J, then

- \AJ A
- \

J

When the centrifugal force is neglected, formula (1)
presented in this paper becomes the same as that given by
Miyamoto 2 If only the two-dimensional case is considered, it
turns out to be the one given by Sakata 3

Finite Element Formulation
It is evident that using Eq (1) directly to solve the problems

with the arbitrary crack model is very difficult and tedious,
and that a simplified technique is desirable to make it suitable
for engineering application In this section, such a simplified
technique for transforming formula (1) into a form suitable
for finite element formulation is presented To sum up, this
technique of simplification means using the "pattern model"
in the J integral area near the leading edge of the crack and
letting the integral path pass through the center of the
elements A "pattern model" is the sector model V* cylinder,
or semicylinder, etc as shown in Fig 2a Passing through the
center means that an integral path is chosen for the "pattern
model" so that it may pass through the center of corre
sponding elements (Fig. 2b)

A question arises naturally: since the models of the three
dimensional crack are variable, how can they be related to
those "pattern models"? It is noted that the basic coordinate
system of formula (1) consists of the principal normal, the
binomial, and the tangent to the edge of the crack at the point
where J is to be determined For any point on an arbitrary
space curve, there exists a tangent plane, and, naturally, a
curvature radius This provides us with the theoretical basis
that relates an arbitrary crack model with the "pattern
model," i e , for any crack we then can redivide the mesh so
that the small area near the leading edge of the crack is
composed of the "pattern model." The elements of the
pattern model may cause many terms of the Jacobian matrix
to vanish because of their symmetry Moreover, since the
integral path passes through the center of the elements, many
additional terms may also vanish The process of the
calculation is greatly simplified Consequently, complicated
formula (1) can be readily used in engineering calculation. In
practice, the procedure consists first in calculating the five
parameters, i e , WS1 AB(1) AB(2) ABC and,4£C2for
each element The parameter WS1 reflects the density of the
strain energy; AB(1) and AB(2) reflect T/w/, ids in the first
integral of formula (1); ABC, the value in the second integral,
and ABC2, the value in the third integral of formula (1) i e ,

the effect of the centrifugal force These parameters are then
stored in memories for further use When the J integral is to
be performed they are found out and combined in terms of
various needs The details for deriving these five parameters
are not given here Only the results are given below From
them, it is evident that the determination of these parameters
is quite simple

1) AB(l) is the parameter representing the line integral
along AB(¥ig 2c) and can be expressed as

where

AB(1) = (ax PP+axy-QQ+axz RR) b/4d (11)

PP= - M7 + u2 + u3 - u4 - u5 + u6 + u7 - u8 (12a)

QQ= — Vi+v2-\-v3 — V4 — v5 + v6 + v7 — v8 (12b)

RR = — Wj + w2 + w3 — w4 — w5 + w6 + w7 — w8 (12c)

and b and d are as shown in Figs 2c and 2d
2) AB(2) is the parameter representing the line integral

along BC (Fig 2d) and can be expressed as,

= (0yz PP+ay QQ+oyz RR) 1/4 (13)

3) If the integral

f (oi3un)3dA
J/Kelement)

of each element is denoted by ABCM then using the dif
ference method (Fig. 2e)

where
ABCM= (ABC)' -ABC

ABC=(axz PP+ayz QQ+az RR) b/4c (14)

(ABC) is obtained by Eq (14) for the neighboring element,
and c is as shown in Fig 2e

4) The parameter representing the effect of the centrifugal
force is denoted by ABC2

PP+A2 QQ+A3-RR) bpu2/2

where £1 A2 A3 are the influence coefficients of locations
Under the condition shown in Fig 2f

ABC2 = - { - [R0-YC(I)]sinp PP+ZC(I) QQ

+ [R0-YC(I)cosf3 RR} pu2b!2

where YC(J) and ZC(I) are the coordinates of the element
centers; p is the density; co is the angular velocity; and b is as
shown in Fig 2c

5)

1/2E (15)

where v is the Poisson's ratio, and E the Young's modulus
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Numerical Results for Normal Models
In order to examine the, method and program, the models

shown in Fig 3a have been calculated numerically by means
of the finite element method. The calculation is carried put
for 32 qases according to different cracks and overall sizes
(semicircular surface crack and 90 deg corner crack) Dif
ferent meshes and different ways to combine the four node
and eight node elements have been examined The four node
isoparametric elements were used in such a way that an eight

2b

node element was divided into two triangular prisms (six
node), each of which was in turn divided into three four node
isoparametric elements (see Fig 3b) This was done because
only the stiffness matrices of the four node and eight node
element had been found The purpose of this work was to find
a suitable way to combine the elements and develop a better
mesh scheme, subject to the limitation of the core memory
capacity of the computer Not all the calculated examples are
given here, only those calculated results for which the laser
photoelasticity experimental results are available are
presented The calculated results are shown in Fig 3c For the
sake of comparison, the curves by Tracey4 are also shown in
Fig 3c for the semicircular surface crack (denoted by 1) and
the 90 deg corner crack (denoted by 2) for the dimension ratio
of the model and the crack (b/a, refer to Fig 3a) equal to 5
According to Pian and Morriya 5 for such a selection of b/a

Fig 3a Calculated models r

Fig 3b Way to combine the elements

*•• *
0

0 8

£ Fig 4a Photoelasticity model

=5 mm

1,2 Tracey1s

3,4 Author'3

0 30 60
0-DEGREES

Fig 3c Comparison of results

90
'37.

Fig 4b Cutting way
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o calculated
a A experimental

~0 30 45 60 75
9-DEGREES

1 = 15

0 = 0

edge
of the crack

Fig 5a Model taken from turbine disk

Fig 4c Experimental results

the difference between the stress intensity factors for
semicircular surface cracks in a semicylinder and in a rec
tangular bar (even a semi infinite solid) is small The curves
denoted by 3 and 4 are calculated for a semicircular surface
crack and a 90 deg corner crack, respectively, by using the
present method The values corresponding to some points on
the curves are the average for all the paths around the point

It may be noted that the trend of the present curve agrees
with that calculated by Tracey However, when 0 = 0 deg, the
dimensidnless value of the semicircular surface crack obtained
in the present study is equal to 1 12 which is slightly higher
than the value of 1 04 calculated by Tracey The values of the
corner cracks also tend to be slightly higher because of the
following reasons:

1) The dimension ratio between the model and the crack
(b/d) is 3 in the present calculations but 5 in Tracey's
Therefore, the effect of boundary makes the value of each
point approaching the average

2) The mesh scheme created is coarser (184 nodes, 552
degrees of freedom), which will also cause certain errors

5 10 15 20 25 30 35 40 45 50
9-DEGREES

Fig 5b Calculated results of turbine disk model

Experimental Results of Laser Photoelasticity
for Normal Model

The experimental model is shown in Fig 5a The crack is
formed by casting a thin (about 0 12 mm) plate of steel with
sharpened edge into the model made of epoxy resin 6101 The
freeze temperature is 115 C The models are cut into plates in
different ways to form two groups of testing models (Fig 4b)
The first group is shown in the first part of Fig 4b, and the
second one is shown in the second part

The experimental results are shown in Fig 4c The values of
Kf are calculated from the streaks by the multipoint method 6

It can be seen that the experimental points coincide basically
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Fig 6 Invariability of integral.

with the calculated results (In the photograph at the left
bottom pf Fig 4c), the mark @ is a fracture due to the
carelessness )

In fact, six models were cast, but only two were successfully
frozen Unfortunately, a model was broken by an accident in
cutting and only limited data were available

Calculated Results of a Corner Crack on the Bottom of
the Fir-Tree Slot in a Turbine Disk

The "pattern model" taken from turbine disk is shown in
Fig 5a. Because the core memory capacity of the computer is
limited, it was assumed that on the bottom of each slot a crack
exists to simplify the boundary condition

The displacement in X, Y Z directions on the lower
boundary (i e AB in Fig 5a) and those in X direction on the
lateral boundary (i e; EC in Fig 5a) are taken from the
results calculated under the condition of axial symmetry
without crack 7

The calculated model possesses 1099 nodes and 3297
degrees of freedom The results are shown in Fig 5b It can be
seen that when a = 4 mm and 0 varies from 7 5 to 47 5 deg, the
value of J varies from 0.146 to 0 205 kg/mm The rotational
speed of the turbine disk is 11 500 rpm The centrifugal forces
of the blades and their roots are applied on the circumference
along the bottoms as a uniformly distributed load. The values
of J in Fig 5b are calculated by the finite element formulas

with pattern models Since the surface EF (Fig 5a) is not
parallel to the surface GH9 certain errors arose in the
calculation For the present mesh scheme, the maximum
relative error did not exceed 6% More sophisticated analysis
should be carried out in the future to eliminate this error

Conclusions
1) Using ordinary eight node and four-node isoparametric

elements, the present method can be readily acceptable by
engineers Any familiar program could be applied to solve the
stress and displacement fields Lesser time is needed for
calculating the J integral of pattern model (For a pattern
model containing 184 nodes, 542 degrees of freedom, the
CPU time needed is only 7 minutes) In the present method
two additional area integrals have been taken into account, so
that the method is more general These factors persuaded the
authors to study this method and it has been shown that, for
the present example problems, this method is simple, ef
ficient, and convenient

2) For the model shown in Fig 4a, when uniformly
distributed tensile loading is applied on both ends of the
model with the semicircular surface crack or corner crack (the
crack is basically controlled by Kj), the effect of the first area
integral is insignificant (about 2%)

3) For a three dimensional integral the path independence is
proved. The J values of various paths (a single path) for the
normal model are shown in Fig. 6a The 0 angles are arranged
in the same way as those in Fig 3c; /J (or L/a) indicates the
number of different laminates, i e., the various meshes along
the 7-axis (see the shaded areas at the top rows in Fig 6a); IP
(or R/a) indicates the path of different meshes along the
x-axis (In Fig 6a, L/a and R/a express the relative size of the
mesh and the distance of the path from the crack tip to crack
radius ) From this figure, it can be seen that the invariability
of the J integral is very good for the same angle and the same
laminate But there is a deviation between the integrals on
different laminates. The deviation varies with the mesh
scheme When the meshes are coarse it reaches up to 12%;
when they are refined it drops down to 4%

It is suggested that future efforts be directed toward the
improvement of the accuracy and the perfection of the
method
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